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Abstract
Let G1,n,K be the Grassmannian of lines of the projective space PG(n,K), K any field.
For any point P of G1,n,K , let TP (G1,n,K) denote the tangent space to G1,n,K at P. We give
a description of TP (G1,n,K) in terms of incident lines of PG(n,K). Also, by using geomet-
ric tools and looking at the orbits of cyclic collineation groups, we construct subspaces of
maximal dimension missing the Grassmannian G1,n,q of lines of the finite projective space
PG(n, q). © 2002 Elsevier Science Inc. All rights reserved.
AMS classification: 14M15; 05B25; 05E20
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1. Introduction
Let K be a field and G1,n,K denote the set of two-dimensional subspaces of the
vector space Kn+1. A two-dimensional subspace of Kn+1 corresponds to a line in
the associated projective space PG(n,K) so that G1,n,K can also be viewed as the
set of such lines.
Denote by (. . . , Xij, . . .), with 0  i < j  n, the homogenous projective coordi-
nates on PG(N,K) = PG(∧2(Kn+1)), where N = n(n+ 1)/2 − 1. They are called
the Plücker coordinates on G1,n,K [9].
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If  is a line of PG(n,K) defined by two distinct points, say P1 = P(X1) and P2 =
P(X2), we can associate with  the point ρ() = P(X1 ∧X2) ∈ PG(∧2(Kn+1)).
The map of sets given by
ρ : G1,n,K −→ PG(∧2(Kn+1)
 	−→ ρ()
is a well-defined injection called the Plücker embedding of G1,n,K . From now on,
we identify G1,n,K and ρ(G1,n,K).
Actually, the subset G1,n,K of PG(N,K) is a variety described by the equations
Fi0i1i2i3(X) = Xi0i1Xi2i3 −Xi0i2Xi1i3 +Xi0i3Xi1i2 = 0, (1.1)
where 0  i0 < i1 < i2 < i3  n. Also, G1,n,K is a rational, non-singular, absolute-
ly irreducible variety of dimension 2(n− 1) [9]. The variety G1,n,K is called the
Grassmannian of lines of PG(n,K). It is known that G1,n,K contains two systems
of maximal subspaces. The first system consists of the (n− 1)-spaces n−1 with
ρ−1(n−1) the set of all lines through a common point; this system is called Latin
system and its elements are called the Latin spaces. The second system consists of
planes2 with ρ−1(2) the set of all lines contained in a common plane; this system
is called the Greek system and its elements are called Greek planes [9].
Let P = ρ() be a point on G1,n,K and consider the subspace TP (G1,n,K) given
by the intersection of all tangent hyperplanes to all the quadrics in (1.1); TP (G1,n,K)
is called the tangent space to G1,n,K at the point P.
In Section 2, we give a description of TP (G1,n,K) in terms of a family of inter-
secting lines in PG(n,K).
In [2], Cooperstein, by using algebraic tools, constructed subspaces of maximal
dimension disjoint from the variety G1,n,q over the finite field GF(q). In Section 3
we give a geometric construction of such subspaces by looking at the orbits of cyclic
collineation groups.
2. Tangent spaces to G1,n,K and linear complexes of finite projective spaces
Let PG(n,K) be the projective space of dimension n over the field K. We denote
by P = P(X) a point of PG(n,K). Here X is any homogeneus coordinate vector of
P.
A linear complex of PG(n,K) is a set of lines whose Plücker coordinates satisfy
a linear equation
∑
i<j aijXij = 0.
Hence, a one-to-one correspondence is defined between linear complexes of
PG(n,K) and hyperplane sections of G1,n,K .
Let
H :
∑
i<j
aijXij = 0
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be a hyperplane of PG(N,K). We associate with H the (n+ 1)× (n+ 1) skew-
symmetric matrix
AH =


0 a01 · · · a0n
−a01 0 · · · a1n
.
.
.
−a0n −a1n · · · 0


up to a non-zero scalar in K\{0}. The linear complex  is said to be of type r if the
corresponding matrix AH has rank r. A linear complex of type n+ 1 is said to be
non-singular.
Remark 2.1. It is known that the rank of a skew-symmetric matrix is an even num-
ber. Hence, in PG(n,K), n even, all linear complexes are singular.
Lemma 2.2. Let  = 〈P0, P1〉 be a line of PG(n,K), with P0 = P(X) and P1 =
P(Y ) two distinct points of PG(n,K). The point ρ() lies on the hyperplane H if and
only if XAHY t = 0.
Proof. Let H :∑i<j aijXij = 0, X = (Xi)0in, Y = (Yi)0in and ρ() =
(pij)0i<jn, where pij = XiYj −XjYi . Since
∑
i<j
aijpij =
∑
i<j
aijxiyj −
∑
i<j
aijxjyi = 0,
we see that XAHY t = 0 if and only if ρ() ∈ H . 
Let P = ρ() be a point on G1,n,K and consider the subspace TP (G1,n,K)
given by the intersection of all tangent hyperplanes at P to all the quadrics in (1.1).
The subspace TP (G1,n,K) is called the tangent space to G1,n,K at the point P.
Since G1,n,K is non-singular, dim TP (G1,n,K) = dimG1,n,K for all points P of
G1,n,K [6].
Lemma 2.3 [9,Theorem 22.3.2]. Let Q be a quadric in PG(n,K) and P a point of
Q. The tangent hyperplane TP (Q) to Q at P comprises the points on the tangent lines
to Q at P and the lines on Q through P.
Proposition 2.4. Let P = ρ() be a point of G1,n,K and let  be the set of all lines
of PG(n,K) intersecting . Then TP (G1,n,K) is generated by ρ().
Proof. Let ′ be a line in . The planar pencil F(′, ) represents a line L of
G1,n,K . This means that L is on every quadric of (1.1). By Lemma 2.3, L is on the
tangent hyperplane at P for all such quadrics. Hence, L is a line of TP (G1,n,K) and
ρ() is a subset of TP (G1,n,K).
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Now let {P0, P1, . . . , Pn} be independent points of PG(n,K) such that  =
〈P0, P1〉. The lines i = 〈P0, Pi〉, 2  i  n, are independent points on G1,n,K gen-
erating with  a Latin space n−1. Similarly, the lines mj = 〈P1, Pj 〉, 2  j  n,
generate with  a Latin space ′n−1 on G1,n,K . So i and mj are 2(n− 1) indepen-
dent lines in . Since dim TP (G1,n,K) = 2(n− 1), the result follows. 
Proposition 2.5. Let H be a hyperplane of PG(N,K) and let P = ρ() be a
point of G1,n,K . Then TP (G1,n,K) is contained in H if and only if  is contained
in NullSpace(AH ).
Proof. By Proposition 2.4 it suffices to prove the result with TP (G1,n,K) replaced
by ρ().
Let  = 〈P0, P1〉 with P0 = P(X) and P1 = P(Y ). Any line ′ intersecting  has
the form 〈αP0+βP1, P 〉, for some (α, β) ∈ K2\{(0, 0)} and P = P(Z) ∈ PG(n,K).
By Lemma 2.2, ρ(′) belongs to H if and only if (αX + βY )AHZt = 0. Hence, if
ρ() ⊆ H , it follows that (αX + βY )AH = 0 for every α and β, and  is con-
tained in NullSpace(AH ). Conversely, suppose  is contained in NullSpace(AH )
and let P¯ = P(X¯) ∈ . Since X¯AH = 0, X¯AHY t = 0 holds for every P = P(Y ) in
PG(n,K). Hence, ρ(′) ∈ H , where ′ = 〈P¯ , P 〉 represents an arbitrary line meet-
ing . That is, ρ() ⊆ H and the result follows. 
Proposition 2.6. Let n = 2r − 1. Then there exists a one-to-one correspondence
between the points of the dual variety G∗1,n,K of G1,n,K and the skew-symmetric
matrices with rank  n− 1.
Furthermore, G∗1,n,K is a double hypersurface of degree 2r in PG∗(N,K).
Proof. A point of PG∗(N,K) is a point of G∗1,n,K if and only if the correspond-
ing hyperplane, say H, of PG(N,K) is a tangent hyperplane to G1,n,K , that is,
rank(AH )  n− 1 by Proposition 2.5. In this case detAH = 0. Since AH is a skew-
symmetric matrix, detAH = [Pf(AH )]2 where Pf(AH ) is the Pfaffian polynomial of
AH whose degree is r [12]. 
The case n = 2r was studied in [7]. More precisely, Hefez and Thorup proved
that if n = 2r , then the variety G∗1,n,K has codimension 3.
Proposition 2.7. Points of G1,n,K correspond bijectively to skew-symmetric matri-
ces of rank 2.
Proof. Let u = (u0, . . . , un) and v = (v0, . . . , vn) be two distinct vectors of Kn+1.
The matrix A = (aij), where aij = uivj − ujvi , 0  i < j  n, is a skew-symmet-
ric matrix. For fixed integers i0 < i1 < i2 < i3, is ∈ {0, 1, . . . , n}, it turns out that
ai0i1ai2i3 − ai0i2ai1i3 + ai0i3ai1i2 = 0. (2.1)
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Since G1,n,K is described by Eqs. (1.1), the matrix A represents a point of G1,n,K
up to a non-zero scalar in K. Clearly, A has rank 2 since the row space of A is gener-
ated by the two linearly independent vectors u and v.
Conversely, let A be a skew-symmetric matrix of order n+ 1 and rank 2. Thus A
represents a point of G1,n,K as above. It is possible to write A as
A =


0 1 · · · 0
−1 0 · · · 0
...
.
.
.
0 · · · 0

 .
This is the matrix utv − vtu, where u = (1, 0, . . . , 0) and v = (0, 1, 0, . . . , 0) and
xt is the traspose of x.
Denote by Sk(n+ 1,K) the vector space of all skew-symmetric matrices of order
n+ 1 over K. Straighforward calculations show that the map g from the set of all
two-dimensional subspaces of Kn+1 into the set of all one-dimensional subspaces
Sk(n+ 1,K) sending 〈u, v〉 in 〈utv − vtu〉 is well defined. Furthermore, g defines a
bijection from the lines set of PG(n,K) and the points of G1,n,K . 
Remark 2.8. Points of PG∗(N,K) are represented by skew-symmetric (n+ 1)×
(n+ 1) matrices. Let n = 2r − 1. From Propositions 2.6 and 2.7 it follows that
G∗1,n,K contains isomorphically G1,n,K .
Now let K be the finite field with q elements, q a prime power. Then |G1,n,q | =
(qn+1 − 1)(qn − 1)/(q2 − 1). By [13, p. 140] and by Proposition 2.6 it is possible
to evaulate the number of points on G∗1,n,q . We have
|G∗1,n,q | =
1
q − 1
∑
02jn
qj (j−1)
∏n+1
i=n−2j−2 (qi − 1)∏j
i=1 (q2i − 1)
.
Corollary 2.9. The number of non-singular linear complexes of PG(n, q), n even,
is
qN+1 − 1
q − 1 − |G
∗
1,n,q |.
3. Maximal external flats of G1,n,q
Let G1,n,q be the Grassmannian of lines of PG(n, q) embedded in PG(N, q). Put
n = 2r − 1 if n is odd and n = 2r if n is even. Here r  2. For every positive integer
h, θ(h) denotes the number qh + qh−1 + · · · + q + 1.
Theorem 3.1 [2]. If  is a subspace disjoint from G1,n,q , then codim  n+ 1.
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Furthermore, Cooperstein in [2] constructed disjoint subspaces of codimension n
by using algebraic tools (see also [1]). In this section we give a geometric construc-
tion of such a subspace.
Let S be a Singer cycle of GL(n+ 1, q). Its canonical form in GL(n+ 1, qn+1)
is the diagonal matrix D = diag(ω, ωq, . . . , ωqn), with ω a primitive element of
GF(qn+1) over GF(q). Denote by σ the linear collineation of PG(n, q) induced by S
[10].
Since the eigenvalues ωqi , 0  i  n, of S are distinct elements of GF(qn+1), the
eigenvectors of S form a basis B = {wi : 0  i  n} of the vector space
V (n+ 1, qn+1) over GF(qn+1). With respect to the basis B, σ is represented by
the matrix D.
The second exterior power of a matrix A = (aij), i, j = 0, 1, . . . , n, denoted by
(2)(A), is a matrix of order N + 1 whose rows and columns will be denoted by
01, 02, . . . , 0n; 12, . . . , 1n; . . . ; (n− 1)n, and occur in this order where the element
in row ij and column rs is aij,rs = airajs − aisajr. Namely, the entries of (2)(A)
are the determinants of the 2 × 2 submatrices of A arranged in lexicographical or-
der. The second exterior power of a collineation ψ of PG(n, q) with matrix
representation A is the linear collineation (2)(ψ) of PG(N, q) whose matrix
representation is (2)(A). It turns out that (2)(ψ) has the same order of ψ and
leaves the Grassmannian G1,n,q invariant. Conversely, each collineation of
PG(N, q), which leaves the Grassmannian G1,n,q invariant, comes from a colline-
ation of PG(n, q) [8].
Now consider PG(n, q) embedded in PG(n, qn+1). With respect to the basis B
the coordinate vector of any point of PG(n, q) has the form P(α : αq : · · · : αqn)
with α ∈ GF(qn+1)\{0}.
Let (2)(S) be the second exterior power of S. Then (2)(S) has a canonical
form in GL(N + 1, qn+1) given by (2)(D) which is a diagonal matrix whose en-
tries are ωqj+1 for 1  j  r , and their conjugates over GF(q) [3]. Hence, (2)(S)
has a rational form given by diag(Sq+1, . . . , Sqr−1+1, Sqr+1). Since wij = wi ∧ wj ,
0  i < j  n, is an eigenvector with eigenvalue ωqi+qj , the set B(2) = {wij : 0 
i < j  n} forms a basis of the vector space V (N + 1, qn+1). With respect to B(2),
(2)(σ ) is represented by the matrix (2)(D).
From a geometrical point of view, (2)(S) induces the linear collineation (2)(σ )
of PG(N, q) of order θ(n) which fixes G1,n,q setwise, fixes r − 1 subspaces of di-
mension n, say 1, . . . ,r−1, and one subspace π whose dimension is either n or
r − 1 according to n being even or odd. Clearly, this collineation fixes all subspaces
generated by i and π .
Remark 3.2. If n = 2r − 1, then Sqr+1 is a Singer cycle of GL(r, q). Let n = 2r .
Then either q is even, Sqr+1 is a Singer cycle of GL(n+ 1, q) and induces a Singer
cycle on π , or q is odd, Sqr+1 has order (qn+1 − 1)/2, and since (qr + 1, qn +
qn−1 + · · · + 1) = 1, it induces a Singer cycle on π .
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In [5], Ebert et al. proved the following results.
Theorem 3.3. Let G1,2r−1,q denote the Grassmannian of lines of PG(2r − 1, q).
Then 〈(2)(σ )〉 has the following orbits on G1,2r−1,q :
(a) orbits of size θ(2r − 1) which are caps (called EMS-caps);
(b) one orbit P of size q2(r−1) + q2(r−2) + · · · + q2 + 1 which corresponds to the
lines of a regular 1-spread of PG(2r − 1, q);
(c) one orbit of size θ(2r − 1) which corresponds to the lines contained in planes of
a regular 2-spread of PG(2r − 1, q); this occurs when r ≡ 0 (mod 3).
Theorem 3.4. Let G1,2r,q denote the Grassmannian of lines of PG(2r, q). Then
〈(2)(σ )〉 has the following orbits on G1,2r,q :
(a) orbits of size θ(2r) which are caps (called EMS-caps);
(b) one orbit S of size θ(2r) which corresponds to the lines contained in planes of
a regular 2-spread of PG(2r, q); this occurs when r ≡ 1 (mod 3).
Remark 3.5. Assume n = 2r − 1. Let N = q2(r−1) + · · · + q2 + 1. Then
o(ω) = (q2 − 1)N and ωN is a primitive element of the subfield GF(q2) of
GF(qn+1). Take the lineL = 〈U,WN 〉, whereU = P(1 : · · · : 1) andWN = P(ωN :
· · · : ωqnN) = P(ωN : ωqN : · · · : ωN : ωqN). The orbit O(L) of L under the
Singer group 〈σ 〉 is a 1-spread of PG(2r − 1, q) [5]. The image of O(L) under
the Plücker embedding is precisely the orbit P of Theorem 3.3(b). It forms a
variety H which is called the Hermitian Veronesian of PG(r − 1, q2); see [11]
for the general case, [4] for the case r = 3. In the case r ≡ 0 (mod 3), expressing
r = 3t , we have o(ω) = (q3 − 1)T with T = (q6t − 1)/(q3 − 1) and ωT is a
primitive element of the subfield GF(q3) of GF(qn+1). Take L¯ = 〈U,WT 〉, where
WT = P(ωT : · · · : ωqnT ) = P(ωT : ωqT : ωq2T · · · : ωT : ωqT : ωq2T ). The orbit
O(L¯) of L¯ under the Singer group 〈σ 〉 is a regular 2-spread of PG(2r − 1, q) [5].
The image of O(L¯) under the Plücker embedding is precisely the orbit P of
Theorem 3.3(c).
The case n = 2r is completely analogous to the previous one.
Proposition 3.6. Let P be any point of PG(n, q). Each line orbit of the Singer cyclic
group 〈σ 〉 (acting on lines of PG(n, q)) contains exactly either 1 or q + 1 lines
through P.
Proof. Let n = 2r − 1, r  2. The group 〈σ 〉 has t = q(qn−3 + · · · + q2 + 1) or-
bits of size θ(n) and the orbit O(L) on lines of PG(n, q). Clearly, for any point P in
PG(n, q) there is precisely one line in O(L) through P.
Denote by li the number of orbits different from O(L) containing exactly i lines
through P. Since the Singer cycle 〈σ 〉 acts regularly on points of PG(n, q), it turns
out that i  1. Let k be the maximum of such i’s.
88 A. Cossidente, A. Siciliano / Linear Algebra and its Applications 347 (2002) 81–89
Thus,
k∑
i=1
li = t. (3.1)
Let us count in two different ways the number of pairs (,), where  is a line
through P not in O(L), and  is a line orbit of 〈σ 〉 containing L and different from
O(L). Then
k∑
i=1
ili = (q + 1)t, (3.2)
where (q + 1)t + 1 is the number of lines of PG(n, q) through P. It follows that
0 = (q + 1)
k∑
i=1
li −
k∑
i=1
ili =
k∑
i=1
(q + 1 − i)li .
Hence, i = q + 1 for all orbits different from O(L) and the result is proved. The
case n = 2r is completely analogous to the previous one. 
Proposition 3.7. Let r  3. The fixed subspaces 1, . . . ,r−1 and π are disjoint
from G1,n,q .
Proof. Every non-empty intersection of i and π with G1,n,q should be a union of
orbits of 〈(2)(σ )〉.
Let n = 2r − 1. Since Sqr+1 induces a Singer cycle on π and 〈(2)(σ )〉 has no
orbits of size θ(r − 1) on G1,n,q , π has an empty intersection with G1,n,q .
Let r ≡ 0 (mod 3). By Theorem 3.3 the orbits of 〈(2)(σ )〉 on G1,n,q are either
EMS-caps or the Hermitian Veronesean H. Since each EMS-cap has size θ(n) and
H generates a subspace of dimension r2 − 1 > n of PG(N, q) [11], all i are dis-
joint from G1,n,q .
Now assume r ≡ 0 (mod 3). There are precisely (q2r − 1)/(q − 1) = (qn+1 −
1)/(q − 1) points covered by the disjoint Greek planes in the range of the regular 2-
spreadS under ρ. If these points actually formed an n-space, it would be an n-space
contained in G1,n,q , which violates the maximal dimension of a subspace contained
in G1,n,q . Hence, the above points do not form a subspace, and the dimension of the
subspace generated by ρ(S) is at least n+ 1.
Let n = 2r . From Theorem 3.4 all orbits of 〈(2)(σ )〉 on G1,n,q have size θ(n).
Clearly, no fixed subspace 1, . . . ,r−1 and π can be an EMS-cap. Let r ≡
1 (mod 3). In this case the proof works along the same lines of that of case r ≡
0 (mod 3). 
Remark 3.8. For r = 2 and n = 3, (2)(σ ) acts on PG(5, q) fixing a three-dimen-
sional space , a line π and G1,3,q , namely the Klein quadric. It is known that 
intersect G1,3,q in q2 + 1 points which form an elliptic quadric, that is the Hermitian
Veronesean of PG(1, q2) [8].
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Theorem 3.9. The subspace  = 〈2, . . . ,r−1, π〉 is a maximal dimension sub-
space disjoint from the Grassmannian G1,n,q .
Proof. Note that codim = n+ 1 for every n. Choose a frame of PG(N, qn+1)
in such a way that i , 1  i  r − 1, has equations Xk = 0, 0  k  N , k not
(i − 1)(n+ 1), . . . , i(n+ 1)− 1, and π has equations Xk = 0, (r − 1)(n+ 1)  k
 N . Thus  has equations X0 = · · · = Xn = 0.
Since 〈σ 〉 acts regularly on points of PG(n, q), each line orbit contains a line L,
which when extended over the field GF(qn+1), is generated by U and P(ωj : ωjq :
· · · : ωjqn) for some j, 1  j < qn+1 − 1. It is easy to see that the first n+ 1 Plücker
coordinates associated with the extended line L are all non-zero conjugated elements
in GF(qn+1) over GF(q). Thus  is a maximal dimension subspace disjoint from
G1,n,q . 
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